The aim of this paper is to introduce new statistical criterions for estimation, suitable for inference in models with common continuous support. This proposal is in the direct line of a renewed interest for divergence based inference tools imbedding the most classical ones, such as maximum likelihood, Chi-square or Kullback Leibler. General pseudodistances with decomposable structure are considered, they allowing to define minimum pseudodistance estimators, without using nonparametric density estimators. A special class of pseudodistances indexed by α > 0, leading for α ↓ 0 to the Kulback Leibler divergence, is presented in detail. Corresponding estimation criteria are developed and asymptotic properties are studied. The estimation method is then extended to regression models. Finally, some examples based on Monte Carlo simulations are discussed.
Introduction
In parametric estimation, minimum divergence methods, i.e. methods which estimate the parameter by minimizing an estimate of some divergence between the assumed model density and the true density underlying the data, have been extensively studied (see Pardo (2005) and references herein). Generally, in continuous models, the minimum divergence methods have the drawback that it is necessary to use some nonparametric density estimator. In order to remove this drawback, some proposals have been made in literature. Among them, we recall the minimum density power divergence method introduced by Basu et al. (1998) , and a minimum divergence method based on duality arguments, independently proposed by Liese and Vajda (2006) and Broniatowsi and Keziou (2009) . The results obtained in the present paper follow this line of research.
Without referring to all properties of the divergence criterions, we mainly quote their information processing property, i.e. the complete invariance with respect to the statistically sufficient transformations of the observation space. This property is useful but probably not unavoidable in the minimum divergence estimation based on similarity between theoretical and empirical distributions. In this paper we admit general pseudodistances which may not satisfy the information processing property. The definition of the pseudodistance, which is at the start of this work, pertains to the willingness to define a simple frame including all commonly used statistical criterions, from maximum likelihood to the L 2 norm. Such a description is provided in Broniatowski and Vajda (2009) . In the present paper we define a class of pseudodistances indexed by α > 0, leading for α ↓ 0 to the Kulback Leibler divergence. The peculiar features of these pseudodistances recommend it as an appealing competing choice for defining estimation criteria. We argue that by defining and studying minimum pseudodistances estimators for classical parametric models, respectively for regression models. We present such tools for inference with a special attention to limit properties and robustness, in a similar spirit as in Toma and Broniatowski (2011) .
The outline of the paper is as follows. Section 2 introduces decomposable pseudodistances and define minimum pseudodistances estimators. Section 3 presents a special class of minimum pseudodistances estimators. For these estimators we study invariance properties, consistency, asymptotic normality and robustness. The estimation method is applied to linear models for which asymptotic and robustness properties are derived. These results are presented in Section 4. Finally, in order to illustrate the performance of the proposed method in finite samples, we give some examples based on Monte Carlo simulations.
Decomposable pseudodistances and estimators
We will consider inference in continuous parametric families, since this is the interesting and complex case with respect to the case of models with finite or countable support. Hence P is a parametric model with euclidian parameter space Θ and we assume that all the probability measures P θ in P share the same support, which is included in R d . Every P θ has a density p θ with respect to the Lebesgue measure.
We denote by P emp the class of probability measures induced by samples, namely the class of all probability measures
where X 1 , . . . , X n is sampled according to a distribution on R d , B R d , not necessarily in P. In addition to the previous notation it is useful to introduce a family of measures P 0 associated to distributions generating the data when studying robustness properties. Often, such a measure is a mixture of some element in P with a Dirac measure at some point x in R d . We also define P + := P∪P 0 .
Definition 1
We say that D : P ⊗ P + → R is a pseudodistance between a probability measures P ∈ P = {P θ : θ ∈ Θ} and Q ∈ P + if D(P θ , Q) ≥ 0, for all θ ∈ Θ and Q ∈ P + and D(P θ , Pθ) = 0 if and only if θ =θ.
Definition 2 A pseudodistance D on P ⊗ P + is called decomposable if there exist functionals D 0 : P → R, D 1 : P + → R and measurable mappings
such that for all θ ∈ Θ and Q ∈ P + the expectations ρ θ dQ exist and
A known class of pseudodistances is that introduced by Basu et al. (1998) and called the class of power divergences. This class corresponds to
Note that the pseudodistances (2.3) are decomposable in the sense (2.2) with
In the next section, we introduce a new class of pseudodistances from which a new statistical criterion for inference is deduced.
Definition 3
We say that a functional T D : Q → Θ for Q = P + ∪ P emp defines a minimum pseudodistance estimator (briefly, min D-estimator) if the pseudodistance D(P θ , Q) is decomposable on P ⊗ P + and the parameters
In particular, for Q = P n ∈ P emp
is Fisher consistent in the sense that
Proof. Consider arbitrary fixed θ 0 ∈ Θ. Then, by assumptions, D 1 (P θ 0 ) is a finite constant. Therefore (2.5) together with the definition of pseudodistance implies
The decomposability of a pseudodistance D(P θ , Q) leads to the additive structure of the empirical version
in the definition (2.7) of the min D-estimators, which opens the possibility to apply the methods of the asymptotic theory of M-estimators (cf. Hampel et al. (1986) , van der Vaart and Wellner (1996), van der Vaart (1998) or Mieske and Liese (2008)).
3 A special class of minimum pseudodistance estimators
Definitions and invariance properties
For probability measures P ∈ P and Q ∈ P + consider the following family of pseudodistances of orders α ≥ 0,
The following basic condition which guarantees the finiteness of the pseudodistances R α (P, Q) is assumed. For some positive β,
where L 1 (Q) := {f : R d → R such that |f |dQ < ∞}. We then have:
Theorem 2 Let the condition (3.2) hold for some β > 0. Then for all 0 < α < β, R α (P, Q) defined in (3.1) is a family of pseudodistances decomposable in the sense
where
and the limit relation holds
Proof. Under (3.2), the expressions ln( q α dQ), ln( p α dQ) and ln pdQ appearing in (3.1) and (3.5) are finite so that the expressions R α (P, Q) and R 0 (P, Q) are well defined. Recall that, for arbitrary arguments s, t > 0 and fixed parameters a, b > 0 with the property 1/a + 1/b = 1 it holds
with equality if and only if s a = t b . Indeed, from the strict concavity of the logarithmic function we deduce the inequality
and the stated condition for equality. Taking α > 0 and substituting
in the inequality (3.6), and integrating both sides by λ, we obtain the inequality
with equality if and only if p αa = q b λ-a.s., i.e. if and only if p = q λ-a.s. Since the expression (3.1) satisfies for α > 0 the relation
we see that R α (P, Q) is a pseudodistance on the space P ⊗ P + . The decomposability in the sense of (3.3) on this space is obvious and the limit relation
results as follows:
Similarly as earlier in this paper, we are interested in the estimators obtained by replacing the hypothetical probability measure P θ 0 in the R α -pseudodistances R α (P θ , P θ 0 ) by the empirical measure P n . Consider therefore the family of minimum pseudodistance estimators of orders 0 ≤ α ≤ β (in symbols, min R α -estimators) defined as θ n = T α (P n ) for T α (Q) ∈ Θ with Q ∈ Q = P + ∪ P emp defined by
The upper formula is equivalent to
Hence, alternatively, we can write
Note that, for α ↓ 0, the upper criterion function in (3.11) tends to the lower maximum likelihood criterion. Indeed,
by the l'Hospital rule. In the following, we give some invariance properties of min
is reparametrized by ϑ = ϑ(θ), then the new min R α -estimators ϑ n are related to the original θ n by ϑ n = ϑ( θ n ). If the observations x ∈ X are replaced by y = T (x), where
) is a measurable statistic with the inverse T −1 , then the densities
in the transformed modelP = (P θ = P θ T −1 : θ ∈ Θ) with respect to σ-finite dominating measureλ = λT −1 are related to the original densities p θ bỹ
where J T (y) = dλT −1 /dλ is a generalized Jacobian of the statistic T . If λ is the Lebesque measure and the inverse mapping
The min R α -estimators are in general not equivariant with respect to invertible transformations T of observations, unless α = 0.
Theorem 3
The min R α -estimatorsθ n in the above considered transformed model coincide with the original min R α -estimators θ n , if the Jacobian J T of transformation is a nonzero constant on the transformed observation space. Thus, the min R α -estimators are equivariant under linear statistics T x = ax + b.
Proof. For α = 0 the min R α -estimator coincides with the maximum likelihood estimator, whose equivariance is well known. For α > 0, by (3.13) and (3.12),
Comparing with (3.12) it follows thatθ n = θ n if y → J T (y) is a nonzero constant. If α = 0, then the estimator coincides with the maximum likelihood estimator and its equivariance is well known.
Limit properties of min R α -estimators
By the Fisher consistency of the functional T α defined in (3.9), it holds arg sup
and θ 0 is the only optimizer in the above expression, since
where the θ 0 indicates that the sampling is i.i.d. under P θ 0 . The min R α -estimator θ n is then defined through
This optimum need not be uniquely defined.
The usual regularity properties of the model will be assumed throughout the rest of the paper, namely: (i) The density p θ (x) has continuous partial derivatives with respect to θ up to 3th order (for all x λ-a.e.). (ii) There exists a neighborhood N(θ 0 ) of θ 0 such that the first, the second and the third order partial derivatives (w.r.t. θ) of h(x, θ) are dominated on N(θ 0 ) by some
Theorem 4 Assume that the above conditions hold.
(a) Let B := θ ∈ Θ; θ − θ 0 ≤ n −1/3 . Then, as n → ∞, with probability one, the
attains a local maximal value at some point θ n in the interior of B, which implies that the estimate θ n is n 1/3 -consistent.
(b) √ n θ n − θ 0 converges in distribution to a centered multivariate normal random variable with covariance matrix
(3.14)
Proof. (a) A simple calculus give
Observe that the matrix S is symmetric and positive definite.
, and use (3.15) in connection with the central limit theorem to see that
, and use (3.16) in connection with the law of large numbers to conclude that
Now, for any θ = θ 0 +un −1/3 with |u| ≤ 1, consider a Taylor expansion of
, and use the hypothesis to see that
uniformly on u with |u| ≤ 1. Now, use (3.18) and the fact that U n = O n −1/2 (log log n)
uniformly on u with |u| ≤ 1. Hence, uniformly on the surface of the ball B (i.e., uniformly on u with |u| = 1), we have
where c is the smallest eigenvalue of the matrix S. Note that c is positive since S is positive definite (it is symmetric, positive and non singular). In view of (3.19), by the continuity of θ →
h(X i , θ 0 ) and since it takes value zero on θ = θ 0 and is asymptotically nonpositive, it holds that as n → ∞, with probability one, θ → 1 n n i=1 h(X i , θ) attains its maximum value at some point θ n in the interior of the ball B, and therefore the estimate θ n satisfies θ n − θ 0 = O(n −1/3 ).
(b) Using the fact that
Using (3.17) and (3.18) and Slutsky theorem, we conclude then
Hence,
which by the central limit theorem, converges in distribution to a centered normal variable with variance σ
Robustness results
We recall that a map T defined on a set of probability measures and the parameter space valued is a statistical functional corresponding to an estimator θ n of the parameter θ 0 , whenever T (P n ) = θ n . The influence function of the functional T in P measures the effect on T of adding a small mass at x and is defined as
where P εx = (1 − ε)P + εδ x . When the influence function is bounded, the corresponding estimator is called B-robust. The gross error sensitivity of T at P is defined by
the supremum being taken over all x where IF(x; T, P ) exists. The statistical functional corresponding to the min R α -estimator is
andṗ θ is the derivative with respect to θ of p θ .
Theorem 5
The influence function of T α in P θ is given by
Proof. Consider the contaminated model
Derivating with respect to ε in the above display and taking the derivative in ε = 0, after some calculations, we obtain
where M α (θ) is given by the formula (3.26).
Beside the influence function, the breakdown point provides information about the robustness of an estimator. The breakdown point of an estimator θ n of a parameter θ 0 is the largest amount of contamination that the data may contain, such that θ n still gives some information about θ 0 . Following Maronna et al. (2006) (p.58), the asymptotic contamination breakdown point of an estimator θ n at P θ 0 , denoted by ε * ( θ n , θ 0 ), is the largest ε * ∈ (0, 1) such that for ε < ε * , T ((1 − ε)P θ 0 + εP ) as function of P remains bounded and also bounded away from the boundary ∂Θ of Θ. Here, T ((1 − ε)P θ 0 + εP ) is the asymptotic value of the estimator at (1 − ε)P θ 0 + εP by means of the convergence in probability. The definition means that there exists a bounded and closed set K ⊂ Θ such that K ∩ ∂Θ = ∅ and T ((1 − ε)P θ 0 + εP ) ∈ K, for all ε < ε * and all P. 
The gross error sensitivity of T α in P σ is given by ), x ≥ 0. The influence function of a min R α -estimator of the parameter θ is IF(x; T α , P θ ) = θ(α + 1)
and the corresponding gross error sensitivity is γ * (T α , P θ ) = θ (α + 1) As in the case of the scale normal model, the efficiency remains high for small α. Thus, positive values of α close to zero will ensure high efficiency and the B-robustness of the estimation procedure.
Location models
(c) Mean of univariate normal. Letting p θ be the N (m, σ) density with known σ, the influence function of a min R α -estimator of the location parameter θ = m is
and the gross error sensitivity is The ψ-function of a min R α -estimator of the parameter m, given by the formula,
is redescending w.r.t. x. Then, the asymptotic breakdown point of the corresponding estimator is 0. 
This is a bounded function w.r.t. x, meaning that all min R α -estimators of the mean vector m are B-robust. In Figure 4 the norm of the influence function (3.38), when m = (0, 0) t , V = diag(2, 1) and α = 0.2, is represented. The limiting covariance matrix of n 1/2 times the min R α -estimator of m, when V is known, can be shown to be
Then, the asymptotic relative efficiency of a min R α -estimator of m is
Thus, one loses efficiency for increasing p if α is kept fixed. In Table 1 
where the U i 's are i.i.d. with N (0, σ) and independent of the X i 's. X i and β are p-dimensional column vectors with coordinates (X i1 , . . . , X ip ) and (β 1 , . . . , β p ), respectively. Call X the n × p matrix with elements X ij and assume that the distribution of X is not concentrated on any subspace, i.e. P (a t X = 0) < 1, for all a = 0. This condition implies that the probability that X has full rank tends to one when n → ∞ and holds for example if the distribution of X has density.
Let P σ be the probability measure associated to a random variable N (0, σ) and P n (β) be the empirical measure based on the sample U 1 , . . . , U n , where
The R α pseudodistance between P σ and the probability measure Q is
The estimators of the parameters β and σ are defined by minimizing the following empirical version of the pseudodistance (4.2),
obtained by replacing in (4.2) Q with P n (β) and q(x) with q(x) = 1 n n j=1 δ x−U j . Since the middle term in the above display does not depend on β or σ, the estimators β and σ are defined by arg inf
or equivalently as arg sup
A simple calculation shows that
(4.6) and (4.5) writes as arg sup
(4.7)
Derivating with respect to β and σ, we see that the estimators β and σ are solutions of the system:
Note that, for α = 0, the above system corresponds to the system that define the least square estimators of β and σ. The system formed by (4.8) and (4.9) can be written as
, ξ is the (p + 1)-dimensional vector with coordinates (β, σ) and
The redescending nature of the functions φ and χ can be seen in Figure 5 and in Figure 6 .
Let ξ = ( β, σ). The asymptotic normality of the M-estimator ξ can be established by using similar conditions with those from Theorem 4. Such conditions are satisfied by the function associated to the M-estimator ξ, reason for which we obtain
Ψ being the matrix with entriesΨ jk := ∂Ψ j ∂ξ k . After some calculations we find that the matrices M and S are
and respectively
where V X = EXX T . Thus ξ is asymptotically normal distributed with the asymptotic covariance matrix
It follows that β and σ are asymptotically independent and the asymptotic covariance matrix of β is σ
Denote by T and S the statistical functionals corresponding to the estimators β and σ, respectively. For a given probability measure P , these functionals are defined through the solutions of the system Ψ(z, T (P ), S(P ))dP = 0, (4.19) where
The influence functions of the functionals T and S are given in the following theorem:
Theorem 6 The influence functions of the functionals associated to the min R α -estimators of β and σ are
P ξ being the probability measure associated to Z.
Proof. The system (4.19) can be written as
We consider the contaminated model P ε,x 0 ,y 0 = (1 − ε)P ξ + εδ (x 0 ,y 0 ) , where (x 0 , y 0 ) is an arbitrary point from R p × R. For this model, the system (4.21) writes as
Derivating with respect to ε and taking the derivative in ε = 0, after some calculations, we find
Since χ is redescending, the estimator σ has the influence function bounded and hence is B-robust. On the other hand, IF(x 0 , y 0 ; T, P ξ ) will tend to infinity only when x 0 tends to infinity and
≤ k, for some k. This means that large outliers have no influence on the estimates.
Simulation results
In this section we present some simulation studies in order to illustrate the performance of min R α -estimators in finite samples.
First, we considered the scale normal model with known mean. We estimated the scale parameter σ by using the min R α -estimator which is obtained as solution of the equation
m being the known mean.
To make some comparisons, we also considered the minimum density power divergence estimator of Basu et al. (1998) (in the present paper we will denote it by min D α -estimator). For the scale normal model, this estimator is solution of the equation
In a first Monte Carlo experiment, 5000 samples of size n = 100 were generated from the scale normal model N (0, 1) with mean m = 0 known, σ = 1 being the parameter to be estimated. In a second Monte Carlo experiment we generated 5000 samples with 100 observations, for each sample 95 observations being generated from N (0, 1) and 5 from N (2, 1), and then we generated 5000 samples with 100 observations, for each sample 90 observations being generated from N (0, 1) and 10 from N (2, 1). For each sample we computed min R α -estimators and min D α -estimators corresponding to α ∈ {0.02, 0.05, 0.1, 0.2, 0.25, 0.5, 1} and the MLE for α = 0.
In Table 2 we present the mean estimated scale σ and simulation based estimates of the MSE defined by
where n s denotes the number of samples (5000 in our study) and σ i represents an estimate of σ = 1 obtained on the basis of the ith sample.
As it can be seen, both the min R α -estimators and min D α -estimators perform well under the model. Under contamination, the min R α -estimator with α = 1 gives the best results in terms of robustness, while keeping small empirical MSE. However, the min R α -estimators, as well as the min D α -estimators, exhibit outlier resistance properties even for small values of α. For example, in the case of 5% contamination, the estimates of σ = 1 obtained for α = 0.2 are 1.07494, respectively 1.07562, fairly close to the estimates obtained for α = 1. In this case, the min R α -estimator combines robustness with the asymptotic relative efficiency 0.91922.
Similar results are presented in Table 3 and Table 4 , where 5% or 10% from data come from the contaminating distribution N (0, 3) or from δ 10 . When the contamining distribution is δ 10 , the min R α -estimators have strong robustness properties, and this can also be explained by the influence function which is redescending, as it can be seen in Figure 1 .
In the second example, our estimation method is applied to the location normal model N (0, 1), σ = 1 being known. Here we compute the min R α -estimates as solutions of equation
We consider the case of no outliers and the cases of 5% or 10% outliers coming from the model N (2, 1). The results are given in Table 5 . Again, the choice α = 0.2 provides robustness and high efficiency of the estimation procedure. When the outliers come from δ 10 , we obtain very good results in terms of robustness, even for very small values of α, as it can be seen in Table 6 . These results are in accordance with the redescending nature of the influence functions represented in Figure 3 . Our examples show that increasing α leads to estimators which are far more robust than the maximum likelihood estimator. The simulation results suggest that α between 0.1 and 0.25 provides competitive estimators in terms of robustness and efficiency. Table 2 .
Simulation results for min R α -estimators, min D α -estimators and MLE of the parameter σ = 1 when data are generated from the model N (0, 1), when 95 data are generated from the model N (0, 1) and 5 data from N (2, 1), respectively when 90 data are generated from the model N (0, 1) and 10 data from N (2, 1). Table 3 .
Simulation results for min R α -estimators, min D α -estimators and MLE of the parameter σ = 1 when data are generated from the model N (0, 1), when 95 data are generated from the model N (0, 1) and 5 data from N (0, 3), respectively when 90 data are generated from the model N (0, 1) and 10 data from N (0, 3 Table 4 .
Simulation results for min R α -estimators, min D α -estimators and MLE of the parameter σ = 1 when the data are generated Table 5 .
Simulation results for min R α -estimators and MLE of the parameter m = 0 when data are generated from the model N (0, 1), when 95 data are generated from the model N (0, 1) and 5 data from N (2, 1), respectively when 90 data are generated from the model N (0, 1) and 10 data from N (2, 1). Table 6 .
Simulation results for min R α -estimators and MLE of the parameter m = 0 when data are generated from the model N (0, 1), when 95 data are generated from the model N (0, 1) and 5 data from δ 10 , respectively when 90 data are generated from the model N (0, 1) and 10 data from δ 10 . 
